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DEGENERATE PRINCIPAL SERIES AND
LOCAL THETA CORRESPONDENCE

SOO TECK LEE AND CHEN-BO ZHU

ABSTRACT. In this paper we determine the structure of the natural ﬁ(n, n)
module QP>9() which is the Howe quotient corresponding to the determinant
character det! of U(p, q). We first give a description of the tempered distribu-
tions on Mp4q,n(C) which transform according to the character det ™! under
the linear action of U(p,q). We then show that after tensoring with a charac-
ter, QP»9(l) can be embedded into one of the degenerate series representations
of U(n,n). This allows us to determine the module structure of QP:4(1). More-
over we show that certain irreducible constituents in the degenerate series can
be identified with some of these representations QP>9(l) or their irreducible
quotients. We also compute the Gelfand-Kirillov dimensions of the irreducible
constituents of the degenerate series.

1. INTRODUCTION

In his thesis ([L]), the first named author studied the module structure and
unitarity of the following degenerate principal series representations of U(n,n). Let
{1,232, ...,€2,} be the standard basis of C?" and B be the basis {e1 +&p11,...,en +
€9y E1—Ent1y -y En—E2n - Let SH(n) be the additive group of nxn skew-Hermitian
matrices. For each a € GL(n,C) and b € SH(n), we let m, and n; be the elements
of U(n,n) with matrix representations (8 (Eto)fl) and (fr Il;) with respect to B
respectively. Let

M={mgs:a€GL(n,C)}, N={ny:be SH(n)}.
Then P = MN is a parabolic subgroup of U(n,n). For s € C and v € Z, let x5,
be the character of P given by
deta
| det al

1%
xs,u(p)=xs,u(manb)=Idetals( ) . p—mam € P.

Let I(s;v) = Indg(n’") Xs,» be the corresponding (normalized) induced representa-
tion of U(n,n). The representation space for I(s;v) is

{f € C=(Un,n)) : f(pg) = Xs. (D)A(P)% f(9),Yg € U(n,n),p € P}
where

A(p) = A(many) = | det ™, p=many € P,
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is the modular function of P, and U(n,n) acts on it by right translation:

(gf)(h):f(hg)7 g,heU(n,n).

The first named author proved that I(s;v) is irreducible if and only if =22 ¢
Z. Moreover in the case when I(s;v) is reducible, he obtained all its irreducible
constituents.

Several other authors ([S1],[S2],[J1],[J2],[Zha]) have studied these representations
in more general settings.

The purpose of this paper is two-fold. Firstly, we want to describe the irreducible
constituents of I(s;v) more carefully in two ways. We consider the reductive dual
pair

(H,G) = (U(p,q), U(n,n)) C Sp(4(p + ¢)n,R).

Let Sp(4(p+ ¢q)n,R) be the unique nontrivial double cover of Sp(4(p+ ¢)n, R). For
a subgroup E of Sp(4(p + ¢)n,R), E shall denote the preimage of E under the
projection Sp(4(p + ¢)n,R) — Sp(4(p + ¢)n,R). Let V = CPT7 and V" be the
direct sum of n copies of V. Then Sp(4(p+q)n, R) acts on L2(V™) via the oscillator
representation w. We shall twist w| 7 by a character so that it will factor through
the standard linear action of H on L?(V"™). Let S(V") be the Schwartz space of V.
Let S C S(V™) be the space of Schwartz functions which correspond to polynomials
in the Fock model of w. For [ € Z, let D(I) be the irreducible (u(p, q), U(p) x U(q))
module which corresponds to the determinant character g — (det g) of U(p, q),
and let QP1(l) be the maximal quotient of S on which (u(p,q),U(p) x U(q)) acts
by a representation of class D(l). They shall be referred to as the Howe quotients.
We shall examine the relationship between the irreducible constituents in I(s;v)
and these Howe quotients QP>4(l). In particular, we shall show that some of the
irreducible unitary submodules in I(s;v) can be identified with Q7-¢(I). On the
other hand we shall also measure the size of the irreducible constituents in I(s;v)
by computing their Gelfand-Kirillov dimensions. In particular our results show that
the Gelfand-Kirillov dimensions of the irreducible constituents can be read off from
their position in the module diagram (or Hasse diagram, see [L] or [Al]) of I(s;v).
Our second purpose is to use the identification above and the results in [L] on the
structure of the degenerate series to describe the module structure of the Howe
quotients QP9(1). These results often play a role in the study of certain Eisenstein
series and of L-functions attached to cuspidal automorphic representation for split
groups ([KRS]).

This paper is arranged as follows. In section 2, we shall determine a set of all
possible K -types in Q7¢(1) and show that each of them occur with multiplicity at
most one. Here K = U(n) x U(n) is a maximal compact subgroup of U(n,n).
In section 3, we show that Q79(]) indeed contains these K-types by considering
the space (Q%)”?(I) of tempered distributions on V™ which transform according
to the character det™ of U(p,q). We show that as a U(n,n) module, (%) (1)
is generated by a distinguished element D of (Q*)”?(l), and D has a non-zero
projection to each of those K -types which are the contragradient modules of the
possible K-types in Q7:4(1). This generalizes the results of the second named author
on invariant tempered distributions [Zhu]. In section 4, we shall twist QP9(1) by a
character & of U(n, n) and consider Q1) = ¢ @QP9(l). Tt turns out that QF%(1)
factors through U(n,n). We then use the element D to construct an embedding of
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Q¢%(1) into the degenerate series {I(s;v) : s € C, v € Z} of U(n,n) described at
the beginning of this section.

Theorem 4.1. Let m be a positive integer and let p+ q = m. Assume either (i)
1=0, or (1)) l # 0 and m = n. Then we have a G-equivariant embedding

I(m —n;0), if =10 and m is even,
I(m —n;—m), ifl=0 andm is odd
. p,q ) )
A (D) = I(|l|; =1), if 1 £ 0 and m = n is even,
I(|ll;=m —=1), if1#0 and m =n is odd.

When [ # 0, the U(n,n) module (1) is non-zero if and only if m < n, and in
this case one can show that Qg’q(l) is irreducible and unitary. Also when m < n, it
is impossible to embed Q¢?(1) into any I(s;v) (by comparing their K-types).

In section 5, we use the results in sections 3 and 4 to identify the image of Q(1)
in I(s;v) under the above embedding. We then use the results of [L] to deduce the
module structure of Q(1). If I = 0, we shall simply write Q¢ for Q7?(0). Let
Q7" be the unique irreducible quotient of Q¢*?. The following theorem summarizes
the results given in section 5.

Theorem. Let

(s,v) = { (m —mn,0), if m is even,

(m—mn,—m), if m is odd.
(a) If 1 < m < n, then the set {\ (Q?q) : p+q=m} exhausts all the irreducible
unitary submodules of 1(s;v). Moreover, if m = n, then
D ().
pt+g=n

(b) If m > n+1, then
A (QQQ) = M(dy,d»),

and

QY = Rud, dv)»

where dy = max{0,n — ¢} and do = max{0,n — p}. Here Ryq, 4,) is an
irreducible constituent of I(s;v) (see section § for its definition) and M (dy, ds2)
is the submodule of I(s;v) generated by Rad,,q,)-

(c) Q?q 1s unitary if and only if either p < n and ¢ < n, or pqg = 0. It is finite
dimensional if and only if p > n and g > n.

We also show that in the case when [ = 0 and p + ¢ > n, all the constituents
in the corresponding representation I(s;v) are determined by the images of the
various Howe quotients Qg’q. Since I(s;v) and I(s; —v) are contragradient, it follows
that the images of Howe quotients determine all constituents of I(s;v) in general.
Finally in section 6, we compute the Gelfand-Kirillov dimensions of the irreducible
constituents in I(s;v).
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2. HOWE’S QUOTIENT QP:4(])

Consider the reductive dual pair (H,G) = (U(p,q),U(n,n)) C Sp(4(p + ¢)n,R).

Let L=U(p) x U(q) and K = U(n) x U(n). Then L and K are maximal compact
subgroups of H and K, respectively. We shall choose a maximal compact subgroup
U=U(2(p+q)n) of Sp= Sp(4(p+q)n,R) in such a way that L =UNH and K =
UNG. We also let h = Lie(H)¢ and g = Lie(G)¢ be the complexified Lie algebras
of the groups H and G, respectively.
_Let V = CPT4 and let V"™ be the direct sum of n copies of V. Then
Sp(4(p+ q)n,R) acts on L?(V™) via the Oscillator representation w. As mentioned
in the introduction, we can twist w by a character so that it will factor through the
following standard linear action of H on L?(V™):

hf(vi,evn) = f(h7 -vr, R wy), heH, (vi,...,v,) € V™

We shall assume that this has been done from now on. Let S(V"™) be the Schwartz
space of V" and let S be the space consisting of those Schwartz functions which
correspond to polynomials in a Fock model of w. Since S is the space of U-finite
vectors of w, it is naturally a (h, L) x (g, K)-module.

For any integer [, we let D(l) be the irreducible (h, L) module corresponding to
the character h — (det h)! of U(p, q). Let QP9(1) be the maximal quotient of S on
which (b, L) acts by a representation of class D(I). By the results in [H2], QP%(]) is
a quasi-simple (g, K )-module of finite length and has a unique irreducible quotient

QP 9(l). Note that QP-%(l) is the representation of (g, K) which corresponds to the

character det! of U (p, q) under Howe’s quotient correspondence.
In [KR1], Kudla and Rallis consider the dual pair

(O(p,q), Sp(2n,R)) C Sp(2(p + ¢)n, R)

and study the Howe’s quotient R which corresponds to the trivial representation of
O(p, ¢). In particular, they give the U(n)-spectrum of R, which is multiplicity free.
In the present case, we shall show that the K-spectrum of Q74(1) is also multiplicity
free.

We need to introduce some notation. Let A be the set of all dominant integral
weights for the unitary group U(n) with respect to the Borel subalgebra b} of
upper triangular matrices. A, can be identified in the usual way with the set of
all n-tuples of integers A = (A1, A2, ..., Ay) such that Ay > Ay > .-+ > \,. For
each A € A}f, p* shall denote a copy of the irreducible representation of U(n) with
highest weight A. Recall that if p = p*, then the contragradient of p is given by
p* = p*", where \* = (=\,, ..., —A1). For convenience, we also let

1, =(1,..,1).
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Note that 1,, is the highest weight of the determinant character of U(n). In a similar
way, every irreducible representation of U(n) is of the form p*, but the components
of X can be half integers.

Proposition 2.1. Every K-type 7 in QP4(0) is of the form
Tt eV,
where
pP—q

A= Tln + (ala "'aatvoa "'507 T Vsyeees _71)7

and oy > ... > ap >0, v1 > ... > 5 > 0 are integers with t < min(p,n) and
s <min(g,n). Moreover each such K-type occurs with multiplicity at most one.

Proposition 2.2. Forl # 0, QP%(1) is nontrivial only if p+q <n. If p+q < n,
then every K-type T in QP9(1) is of the form

q times » times
72 @ pr T (Tl =00, =),
where
A= I%ln + (o1, oo 0p, 0,0, 0, =Yg, ooy = 1)

and «;, v; are integers satisfying

a2 2ap >0, 712029, 21, if 1 >0,
and

o> >ap > =l 1> 2>y >0, if 1 <O0.

Moreover each such K -type occurs with multiplicity at most one.

Proof of Propositions 2.1 and 2.2. The argument given below is similar to those of
[KR1] in the case of dual pair (O(p, q), Sp(2n,R)). We consider the seesaw dual
pair ([Kul])

U(p,q) U(n) x U(n)
N N
U(p,q) x U(p,q) U(n,n).

Assume that 7 = p* ® p# is a K-type occurring in QP9(]). As usual we use a
subscript 7 to denote the 7-isotypic component. By the standard result of Howe
([H2]) or Kashiwara and Vergne ([KV]), we have

Sr2n(r)®T

for some irreducible (u(p, ¢) ® u(p, q), K’)-module 7 (1), where K’ = U(p) x U(q) x
U(p) xU(q). Let H(K) be the space of K-harmonics of S. Then we have H(K), =
o(7) ® T, where 0(T) = 01 ® 03 @ 02 ® 04 € I/(\’, 01,09 € U(p) and 03,04 € [7(q)7
and o(7) occurs in 7(7) with multiplicity one.

The arguments in [KR1] give

QPa(l), = pr(S;) = pr(H(K).),
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where pr : S — QP9(]) is the natural projection map. Now the projection
pr: H(K); — QP4(1)_ factors through the projection H(K), — H(K)r,;, where
H(K)-,; consists of those v € H(K), such that

h-v = (det hy)!(det ho)'v,  h = (h1,h2) € U(p) x U(q).

Recall that we have twisted the oscillator representation w by a character so that
H = U(p,q) acts linearly. Thus U(p) x U(q) also acts linearly on H(K). Taking
this into consideration, the results of [KV] imply that 7 = p* ® p* has the form

A= 1%171 + (ala ceey Ol 07 ceey 07 sy ey _’71)7

n= _I%ln + (517 ceey 557 07 ceey 07 _ﬁta ceey _ﬂl)u

where t < min(p,n), s <min(gq,n), a;, Bi, Vi, d; are non-negative integers, and
01 ® 0y = p(O,...,O,—at,...,—al) ®p(51 ,,,,, B4,0,...,0) < [’(\{7
03 ® 04 = plTr15:0m0) @) 500 0=berems=01) ¢ T

where K = U(p) x U(p), K3 =U(q) x U(q).

Hence for QP9(1)_ # 0, the representation o(7) = 01 ® 03 ® 02 ® 04 must contain
the character det; ®detfl of U(p) x U(q). This occurs when oy & 0] ® det]lg7 and
04 =203 ® detfz; ie.,

51':0[7;7 61':’71'7 1fl:07
ﬁi:ai+la 61':’71'_17 t:p78:q71fl7é0
Moreover when the above conditions are satisfied, o(7) contains the character

deté@detfl exactly once. For | # 0, the second condition above implies that
p+qg<n,v >1ifl>0,and a; > —I if [ < 0. Further we have

= —uln + (Y15 ooy Vs 0y ooy 0, —avgy ooy —a1) + (=1, .0, 1,0, ..., 0, =1, ..., D).
2 —— ——
q times p times
Thus g = N + (=1, e, =1,0,...,0, =1, ..., — ). O
—— ——
q times p times

We shall show in the next section that these K-types indeed occur in Q24(1) by
considering a certain space (Q*)”? (1) of tempered distributions.

3. U(p, q)-EQUIVARIANT TEMPERED DISTRIBUTIONS

Recall that S(V™) is the Schwartz space of V™, where V is the standard module
of H=U(p,q). Let S*(V™) be the space of tempered distributions on V™. Then
Sp(4(p+ q)n, R) acts on S(V™) by the restriction of the oscillator representation w
and this action induces an action of Sp(4(p + ¢)n, R) on S*(V™) in the usual way.
We shall denote this action on S*(V™) also by w.

Now for each integer [, let (%)% (I) be the subspace of tempered distributions
consisting of those ® € §*(V"™) such that

h-® = (deth)™'® heH,
where h - ® = w(h)® is the linear action of H on S*(V").
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Since the action of G’ commutes with the action of H, (2*)” (1) is a G module.
When [ = 0, (Q2*)79(0) = S*(V™) is the space of H-invariant tempered distribu-
tions on V™. A precise description of this representation is given in [Zhu| and we
shall recall it in Theorem 3.1 below for the convenience of the readers. The purpose
of this section is to show that for [ # 0, the G module (2*)”? (1) is generated by a
certain tempered distribution D and to determine the I?—types in (Q%)P9(1).

As usual, ¢ shall denote the Dirac distribution at the origin of V™. It is H-
invariant.

Theorem 3.1 (Theorem, [Zhu]). (a)S* (VMYH s the closed span of the set {w(g)d :
g€ G}.

(b) For any o € K, the multiplicity of o in S*(V™)H is at most one. It is equal to
one if and only if

o= prept,
where

A= 1%171 + (ala ey Oy 07 "'707 Vs e _’71)7

and
a1 > ...2a >0, v12>...279>0

are integers and t < min(p,n) and s < min(g,n).

Remark 3.2. Theorem I of [Zhu] states that the K-types in S*(V™) are of the form
o= p*® p*, where \ is given above. This is incorrect (see Theorem 3.3 below).
A proof for the corrected version can be obtained by making only a minor change
in the original proof (see the proof of Theorem 3.3 below).

Now we shall examine the space (Q*)”?(l) for [ # 0. We shall introduce a
distinguished tempered distribution in (2*)"? (1), which will take the place of § in
Q*(0). Let Z = (2ij)1<i<p+q,1<j<n be the natural complex coordinates of V" =
Mpign(C). For 1 <t <min(p+ g¢,n), let

211 21t 211 21t
(3.1)  dy(Z) = det . dy(Z) = det ,
Zt1 Ztt Zt1 Ztt
(3.2)
0 - 0 0 ... 0
0z11 O0z1¢ _ _ 0zZ11 0Z1t
atzat(z):det N P P , 6t:6t(Z):det . P P
0 - ) 0 . 9
Ozt1 Ozt 0Zs1 0Z 1t

Assume that p 4+ ¢ < n and d > 0. Then one can verify that for h € H, we have

h-(00,,0) = (deth)*(02,,0),
—=d —d,=d
h-(0,1,0) = (deth)=%(9,,,0).

Consequently the tempered distribution D given by

— .
D:{ 8.6, ifl>0,

051,08, if1 <0,

is in the space (%)™ ().
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Theorem 3.3. For | # 0, (2*)”9(1) is nontrivial if and only if p+q < n. If
p+q <n, then
(a) (X)L (1) is the closed span of the set {w(g)D|g € G}.
(b) For any o € K, the multiplicity of o in (%) (1) is at most one. It is equal to
one if and only if

q times p times

A A* l 1,0,...,0,—1 l
o = Pt @ p +(=1,...,—1,0,...,0,=1,...,— )7

where

A= l%ln + (o1, o 0p, 0,00, 0, =Yg, ooy = 1)
and «;, v; are integers satisfying

o> 2ap >0, 712> 29>, if 1 >0,
and

o> >ap > =,y > >y, >0, if 1 < 0.

We outline our strategy for proving Theorems 3.1 and 3.3, and we thank the
referee for helping us to clarify this. Let RP'?(1) be the maximal quotient of S(V")
on which U(p, q) acts by the character g — (det g)!. Clearly RP*4(l) and (Q*)™ (1)
are duals under the natural pairing ( ) between S(V™) and S*(V™). There is
also a natural map n : QP9(l) — RP(]), which makes the following diagram
commutative:

S — SVm")
! !
QPa(]) A, RP(1)

Here the vertical maps are the natural quotient maps. If 7 is a possible K -type
in 79(1) (as given in Propositions 2.1 and 2.2), we shall prove that there exists a
vector ¢ € S; such that (D, ¢) # 0. Since D € (2*)"? (1), we see that the image
of ¢ is non-zero in RP4(l), and since the map of ¢ to this space factors through
OP1(1), the image of ¢ in QP9(l) is also non-zero. Thus (i) all such 7’s occur in
QP4(1), and (i) since Q79(1) is K-multiplicity free, the map 7 is injective. Now
since the space S is dense in the Fréchet space S(V™), we see n(Q2P9(1)) is dense
in RP9(1), and by the injectivity of 7, we obtain a non-degenerate pairing between
Qr-4(1) and (%) (1), which is K-equivariant. We can then conclude that K-types
of ()" (l) must be contragradient to the K-types of QP4(l), and are thus of
the form given in Theorems 3.1 and 3.3, with their I?—multiplicities equal to one,
and each I?—isotypic component of (2*)”?(1) is generated as a K-module by the
corresponding K -isotypic component of D. This will imply Theorems 3.1 and 3.3.

Let w™ be the space of formal vectors on w ([HT], [Zhu]). It is the space of
generalized functions on V" with U Fourier components, where U = U(2(p+q)n) is
a maximal compact subgroup of Sp(4(p+q)n,R). Moreover, S(V") (resp. S*(V"™))
can be characterized as the subspace of w™ such that their U Fourier components
decay rapidly (resp. grow at most polynomially). Notice that §p(4(p+ q)n,R) acts
on w~> by linear extension from the action on S(V™) and thus it is contragradient
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to the action on $*(V"™). The main purpose in introducing the space w™>° is that
the distribution D turns out to have a simple expression as an formal vector, and
that simple expression enables us to compute its inner product with certain lowest
highest weight vectors. We shall first examine the compact case.

Proposition 3.4. (a) Suppose that H = U(p,0) =U(p) andp <n. Let 7 € K be
such that
N H4(0,...,0,—1,...,—1)
Tgp)\@)p ptimes’
where A = 81, + (o1, a2, ..., 0, 0, ..., 0), and o are integers satisfying
0[12...205;020, Zfl>0,
and
oy > .2 ap > -, if 1 <0.
Then there exists a vector ¢ € S, such that (D,$) # 0. In particular, D has a
non-zero o-isotypic component for o = 1.
(b) Suppose H = U(0,q) and ¢ <n. Let 7 € K be such that
A 4(~yeeey=1,0,...,0)
——
T = p)\ ® P q times ,
where A = =41, 4+ (0,...,0, =g, ..., =71), and ~y; are integers satisfying
V1> 2> 21, if 1 >0,
and
V1> > >0, if 1 <O0.
Then there exists a vector ¢ € S, such that (D,$) # 0. In particular, D has a
non-zero o-isotypic component for o = 1.

Proof. We shall only prove part (a). The proof for part (b) is similar. Recall
Z = (zij)1<i<p1<j<n are the standard coordinates of V" = M, (C). Let Q =
(gij)1<i<pi<j<n and Q = (7;j)1<i<pi<j<n be the complex coordinates in the Fock
model of the oscillator representation of w. The isometric isomorphism of the

Schrodinger model with the Fock model is such that (cf. [Fo])

) N ) SLARS )
() \/5 aaw qu Zzg 2 \/— 8(]1] qz ¥l

1 0 0 1 0
_i' i — 2 — —qij)-
ZJ—>\/_( 3%4—(]]) azij —)2\/5( aqij qj)

Let A be the image of §, the Dirac distribution at the origin of V™. Since § satisfies
zij -0 =Zi5 -0 =0,

we have

> i 955

5 ) (up to a scalar)

A = exp(—
as an element in w™>. B _
Recall the definitions of di(Z), di(Z), 9:(Z), 0:(Z) as given in eqgs. (3.1), (3.2).

)
We define di(Q), d:(Q), 9:(Q), 3+(Q) by replacing zij with ¢;; in di(2), di(Z),
0:(Z) and 0;(Z) respectively.
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For any operator A, let A* be its adjoint with respect to the Hilbert space
structure in the Fock model. We have (cf. [Ba])

0. _1 0. 1
(33) (30 = 3% (g = 57
Thus

(3.4) 2UQ)" = (@), T@Q)" = (@)

Under the isomorphism from the Schrodinger model to the Fock model, a tem-
pered distribution ® € S*(V") is identified with a formal vector Fp € w™>°. If
a polynomial coefficient differential operator B in z;;,7%;; is identified with a poly-
nomial coefficient differential operator Fp in gij,q;;, then the distribution B - ®
with be identified with the formal vector —(Fg)* - Fg, in view of the fact that
Sp(4(p + q)n,R) x H acts on w™" by linear extension from the action on S(V™),
which is contragradient to the action on §*(V™). Here H is the standard Heisenberg
group associated to the symplectic group Sp(4(p + ¢)n,R). This implies that

B) 1 B) > i 955 1 9 >ij 43 Ti;
—— ———(2— — G, )feap(- =L ) = — exp(——= ),
2 2\/5( a0 q;;)" exp( 5 ) V307, ( 5 )

0 1 0 > i Gl 1 0 > i G
— — ———(2— — ¢ feap(— =Ly = — exp(— = =),
7% 2\/5( 5, gij)"exp( 5 ) /3 901 p( 5 )

Thus we have
1 .
0:(2)6 — (—=)t0 A,
+(Z) (\/5) +(Q)
- 1
0:(2)6 — (—=)'0. A,
(%) (\/5) Q)
and so the formal vector Fp corresponding to D is
(L)plap(Q)lA’ l > 07
39 o :{ (Lra QA 1<0
V27, TP ’ '
In the Fock model, a highest weight vector in the K -type
- p)\ ® p# _ p§1n+(a1,...,at,0,...,0) ® p_%ln"l'(o »»»»» 0-,—5t,...,—51)7 t <p,
is given by
d1(Q)"1d2(Q)..dy (Q)* d1 (Q)" da(Q)" ... dr (Q)™
where
t t
o = Zaj, 61 = ij
j=i j=i
We may assume that ¢ = p by allowing «;, 3; to be zero.
Now the condition that p = A* + (0,...,0,—[, ..., =) amounts to §; = «a; + I,
—
ptimes
Vi < p, i.e.,
bi = Qa, 1§7;§p—17

b, = ap+1L
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We first consider the case [ > 0. We compute the following inner product of Fp
with a K highest weight vector (using the adjoint relation (3.4)):

(0p(Q)' A, d1 (Q)" d2(Q)*...dp(Q) 7 d1 (@) d2(Q)" ..dy (Q)")
= (%)Z(Aadp(Q)l - d1(Q)" da(Q)*...dp(Q)* d1 (Q) " d2(Q)™...d, (Q))
(21p) (A, di (@) da(Q)"...dp(Q)**d1 (Q) " d2(Q)">...d1(Q)"7)
CTI T 2ottt Bler, coy o) (A1) # 0,
1<i<p 1<c; <b;
where

Ble, cay eyt H (Z t—z)) .

i=1 \s=¢

See [Zhu, pp. 106 and 116] for the last equality in the above computation.
Similarly for [ < 0, we have

(Bp (Q)_lA d1(Q)" d2(Q)™...dp(Q)* d1(Q)" d2(Q)"...d1(Q)"?)
= ()" TI II (2P Benen, ) (A1) £0.

1<i<p 1<c¢;<a;

|
We now examine the general (non-compact) case; i.e., H = U(p, q).
Proposition 3.5. Assume that p+q <n. Let T € K be such that
A (=l =1,0,000,0,— Lo, =)
7_* o p ®p gtimes p times ,
where A = 2541, + (a1, ...y 0, 0,...,0, =g, ..., =71), and oy, 7y; are integers satisfy-
mng
o> >ap >0, 712> 2>y 2>, if 1 >0,
and
o> 2ap> =l > >y 2>0, if 1 < 0.

Then there exists a vector ¢ € S, such that (D,¢) # 0. In particular, D has a
non-zero o-isotypic component for o = 1.

Since D € (Q2*)”? (1), its o-isotypic component D, clearly belongs to (2*)”? (1)

The discussion on possible K-types of (2*)"?(I) before Proposition 3.4 together
with Proposition 3.5 will therefore imply Theorem 3.3.

o

Proof of Proposition 3.5. We consider the following subgroups of Sp(4(p + q)n,R):
L=H, x Hy=U(p) x Uq),
E=E) x Ey =(U(p) x U(p)) x (U(q) x U(q)),
N = Ny x Ny = (U(n) x U(n) x (U(n) x U(n)),
which fit into the following diamond dual pairs ([H2]):
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ANWAN
RVARY,

/N

i.e. the pairs of Lie groups similarly placed in the two diamonds are reductive dual
pairs. Let w; (resp. waz) be the oscillator representation associated to the dual
pair (H1,G) = (U(p), U(n,n)) C Sp(4pn,R) (resp. (Hz,G) = (U(q),U(n,n) C
Sp(4¢gn,R))). Then we have the functorial property ([H5]):

(3.6) wlgw Zwilp 5, @ walp, <,

where ® here denotes outer tensor product. Let Q = (g;;), Q = (7;;) 1<i<p1<
j < n) be the complex coordinates in the Fock model of wy and let W = (w;;),
W = (W;;) (1 <i<gq,1<j<n) be the complex coordinates in the Fock model of
wo. Let

hi(Q) = di(Q)* da(Q)™...dp(Q) " d1 (Q)" da(Q)" ... dp(Q)"
be a highest weight vector under the action of E1 x Ni. Similarly let

ha(W) = dy (W) da (W) ...dy (W) dy (W) dy (W2 ... dy (W)

be a highest weight vector under the action of Eg X 1\72, where

qi1 - qut
d(Q) =det | ... .. .. |, 1<t<min(p,n),
g1 - Gt
and
_ Win—t+1 - Win
d(W)=det| .. .. .. |, 1<t<min(qn),
Wtn—t+1 ..o Win

and likewise for d¢(Q) and ﬁt(W)

As usual, we denote the space of K-harmonics by H(K). For 7 € K, let H(K )r
be the 7-isotypic component of H(K'). Then each H(K), is an irreducible K’ x K
module, where K’ = U(p) x U(q) x U(p) x U(q) ([H2]). Let 7 € K be given as
in the hypothesis. The results of Kashiwara and Vergne (Proposition 6.1 of [KV])
tells us that with appropriate choices of Borel subgroups, a K’ x K joint highest
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weight vector h in H(K'), can be written as the product of two simultaneous highest
weight vectors for the dual pairs (F;, N;), ¢ = 1,2; that is, h (‘%) = h1(Q)ha(W).
Moreover the highest weight of hy (resp. hg) is given precisely as in Proposition
3.4 (a) (resp., (b)).

We shall only consider the case [ > 0. The case of | < 0 is similar. Note that
D= 5i,+q(Z)5 is mapped to the formal vector (\%)(Hq)l@fﬂrq (&) A in the Fock
model (see eq. (3.5)). We claim that

(3 (37) A i@ ) = (72 50 ) A mat@inam)).

!

q
The reason is as follows. We have %A = —%Gij A, and (g;;)* = 2%. Note that
for 1 <i<p,p+1<j<n,qy; is an entry in the upper right corner of (I;?,), and

in this case, we have %(hl(@)hQ(W)) =0.
ij

Clearly we have A = A1 ® Ag, where A; is the image (in the Fock model of w;) of
the Dirac distribution at the origin of V., the direct sum of n-copies of the standard
module for H;, i = 1,2, and ® denotes the tensor product given in equation (3.6).

If h1(Q) (resp. ho(W)) is the highest weight vector in one of those K-types given
in Proposition 3.4 (a) (resp., (b)), then

(afqu(( SNA R (Q)ha(W)) = (‘%(Q)Ah hy (Q))(aé(W)Az, he(W)) # 0,

by our computations in Proposition 3.4. O

Corollary 3.6. All the IN(—types given in Propositions 2.1 and 2.2 occur in QP 9(1)
with multiplicity one.

4. EMBEDDING OF QP¢(]) INTO DEGENERATE PRINCIPAL SERIES

In this section, we show that after twisting by a character of U(n,n), the Howe
quotients QP-2(0) for all p and ¢ and QP+(l) (I # 0) for p+ ¢ = n can be embedded
into the degenerate series I(s;v) of U(n,n) studied in [L] (see the introductory
section for a description of I(s;v)). Thus we can use the results in [L] to deduce
the structure of these Howe quotients by identifying their images in the degenerate
series.

Recall the reductive dual pair (H,G) = (U(p,q),U(n,n)) C Sp(4(p + q)n,R),
and the action of Sp(4(p + ¢)n,R) on L%(V™) via the oscillator representation w.
As before, we let D be the following tempered distribution on V™ given by

s, if1=0,
D={ 3,6 ifl>0,p+q<n,
O t,8, il1<0,pt+qg<m

We have D € ()79 (1); i.e, h - D = (det h)™'D for h € U(p, q).

Let m = p 4+ ¢, as before. If m is even, then ﬁ(n, n) splits over U(n,n), and if
m is odd, then ﬁ(n, n) is isomorphic to the cover defined by the character det® of
U(n,n) (JAd]). The image of the covering group M in U(n,n) can then be identified
as a set with {(mga,\) : a € GL(n,C), A = x(deta)ym,

| det al
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Let ¢ be the following character of U(n,n):

trivial, if m is even,
(4.1) - {

det?, if m is odd.
We have £((ma, A)) = A, for (ma, A) € M. Let
we=EBw, QLI = o PI().
Then we factors through U(n,n), and Q(1) is a U(n,n) module.
We shall identify the maximal parabolic subgroup P = M N with the subgroup

of U(n,n) fixing V"™ =2 M1, ,(C). Recall that the modular function of P is given
by

A(p) = A(many) = | det a|*™, p=mgnp € P.
Now we have
[w((ma, ) fl(x) = [|deta|™f(za),
wn)fl(@) = e f(a),

for (mq,\) € M, ny € N, f¢€ L*(Mp4q.n(C)), 2 € Myt gn(C). Thus
_ { Xo(ma)f(wa), i m s even,
[we(ma) fl(z) = { Xm—m(ma) f(za), if m is odd,
and therefore

-1 . .
. _ Xm O(y)éa lf m 1S even,
wely) 0= { Xom,—m ()9, if m is odd,

where y = mynp € P and we extend the characters of M to P by letting N act
trivially.
For any ¢ € S(V"™), we consider the function

Dy(g9) = D(we(9)9), g€ G=U(n,n).

For [ = 0, we compute

Dqﬁ(nbmag) = (5((4}5 (nbmag)(b) = (w€ (mglnb_l) ’ 5) (w€ (g)(b)

_ { Xm,0(nema)Dy(g) = xm_mo(nbma)A(nbma)%Dd,gg), if m is even,
Xm,—m (M6Ma)D(9) = Xm—n,—m (nsma) A(nyma)2Dy(g), if m is odd,

where A is the modular function of P. Thus the function D, is in the space of the
induced representation I(m — n;0) or I(m — n; —m) depending on whether m is
even or odd. Consequently we obtain a map

At 9 — Dy
from S(V™) to certain induced representation I(s;v). We now restrict the map
to the space S C S(V"™). Because of the way Howe’s quotient Qg’q is defined and

the transformation property of D, this restriction map factors through Qg’q. To
summarize, we have

I(m —n;0), if m is even,

- OPe . =
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For [ # 0, if we further assume that m = n, then a similar computation shows
that for n even,

(4.3) A Qi) — I(s;v) = I(JI]; 1),
and for n odd,
(4.4) A Qi) — I(s;v) = I(|If; —n —1).

Theorem 4.1. Assume either (i) | =0, or (ii) l #0 and m = n. Then we have a
G-equivariant embedding:

A QPA1) = I(s3v).
Here s and v are as given in equations (4.2), (4.3) and (4.4).

Proof. X is easily checked to be G-equivariant. We only need to show injectivity.
We fix an element ¢ of S with nonzero image ¢ in the quotient Q?q(l). We may

assume that some isotypic component of ¢, denoted by ¢, is not zero, where

e
7e =& ' @7, and T is one of the I?—types given in Propositions 2.1 and 2.2.
Suppose that A(¢) = 0, then since A is G-equivariant, we have )‘(575) =0. We
replace w by w¢ in the definition of (2*)P(1) to get (2*)(l), and let D.» €
(Q*)?q(l)Tg be the corresponding 77-isotypic component of D, which we know to

be non-zero. For any k € K, we have

0= A&, ) (k) = D(we(k))dr, = Drz (we(k)or,) = (Drg,we(k)or,).
Since QP(1)  is multiplicity one, {wg(k)adk € K} spans Q2(1) . Since 0 #
> Te T
Dry € (2)¢(1)r;, and since the pairing between QP(I) and (Q*)”(l) is non-
degenerate (see the discussion before Proposition 3.4), we see that the last ex-

pression cannot be identically zero. We have a contradiction. This proves that
A Q2(1) — I(s;v) is injective. O

5. IDENTIFICATION OF CONSTITUENTS THROUGH
LOCAL THETA CORRESPONDENCE

In this section, we shall describe the image of Q¢*(I) under the embedding
A Q1) — I(s;v) given in Theorem 4.1. Since I(s;v) is multiplicity free as
a K-module, the image of Q7(l) in I(s;v) is completely determined by the K-
types in Qg(1). Since the detailed structure of I(s;v) is described in [L], we can
deduce the reducibility, composition series and unitarity of Q%(1). On the other
hand, for different values of p and g, Qg’q(l) is embedded into the same induced
representation I(s;v), provided that p 4 ¢ is fixed. We shall show that in the case
Il =0and p+ q > n, every constituent in I(p + ¢ — n;0) with p + ¢ even and in
I(p+q—n; —p—q) with p+ ¢ odd is isomorphic to a quotient of submodules which
are intersections of the images of some of the Qg’q, in a very precise way.

We shall now summarize some results in [L]. Recall that the induced representa-
tion I(s;v) can be identified with a function space S*#(X°°), where @ = — 2=~
and 0 = —W. We shall now describe this space. Let U(n,n) act on the space
May, 0 (C) of 2n x n complex matrices by

g.x = (g_l)tifa g€ U(n,n), x € M, »(C),
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and let X°° be the U(n,n) orbit of z, = (_I}‘n ) Here g* denotes the transpose of
g and I,, denotes the n x n identity matrix. For «, 8 € C such that « — 8 € Z, let

S*P(X°) = {feC™®(X):
f(za) = (deta)®(det )’ f(x), Yz € X°°, a € GL(n,C)},
and let U(n,n) act on it by
(9-N)@) = flg'x), geU(n,n), ve X

SB(X°°) admits the following decomposition into a sum of K-types:

Sa,ﬁ(Xoo) _ Z Vi,
eAd

where V) is isomorphic to p>‘®p’\*+(o‘_5)1" as a representation of K. For 1 < j < n,
let

e; = (0,...,0,1,0,...,0) € Z".
\w—/
j

It is proved in [L] (see Corollary 6.1 of [L]) that a K-type V) can be transformed
to the K-type Viye,; (respectively Vi_.;) (1 < j < n) if and only if the transition
coefficient o — A\j +j — 1 (respectively 3+ A\j +n — j) is nonzero. Thus S*#(X°°)
is irreducible if and only if both «, 8 ¢ Z. In the case when S®#(X°°) is reducible,
i.e., when both «, 8 € Z, the hyperplanes

éj:/\jza—l—j—l, ;e Aj=—B+n—j), @<ji<n)

divide S*#(X°°) into a number of irreducible constituents. Each of these con-
stituents is a subquotient of S*#(X°°). We can then construct a graph which
captures the most important information on the module structure of S®#(X°°).
This graph is called the module diagram of S*#(X°°). The nodes of this graph
are the irreducible constituents of S#(X°°), and if there is an edge joining two
constituents R; and R with Ry placed at a higher position, then the vectors in Ry
can be transformed to the vectors in Ry5. The readers are advised to refer either
to [Al] or section 7 of [L] for a more precise definition of module diagram. It turns
out that the module diagram for S%#(X°°) is a (complete or incomplete) triangle,
and its pattern depends on the number i = a + § + n — 1. The module diagrams
of all the S*#(X°°) are also given in [L].

We shall first study Qg'? = Q79(0). We let m be a positive integer and consider
all pairs of nonnegative integers'(p, q) such that p 4+ ¢ = m. Then by Theorem 4.1,
we have U(n,n) embeddings

I(m —n;0) = S~% =% (X°), m even,
I(m —n;—m)=S~™0(X°) m odd.

m
2

)\:Q?q<—>{

Recall that the pattern of the module diagram of S%# (X °°) depends on the number
(see section 7 of [L]) i = a + 8 +n — 1 and its sign. Let

_J (=%, =%), if mis even,
() = { (—m,0), if m is odd.

Then we have ¢ = —m + n — 1. Hence we shall consider 2 cases separately, i.e.,
1<m<n-—1and m>n.
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Ry 2,0 R, Ra0,2)

FIGURE 1

Case 1. 1 <m < n—1. In this case, we have 0 < i <n — 2. We shall first recall a
description of the irreducible constituents in So"ﬁ(XOO) when 0 <i=a+06+n—1<
n — 2, as given in [L].

The hyperplanes é;-t (1 < j < mn) divide A} into the following disjoint subsets:

Al = {DeAl N <—(B+n—j),
AL = DeAf—(BHn—j) <N <a+ji-1},
AL = {dAeAf:n>a+j-1}).

For 0 < s,t <n with s +t < n, let R, be the direct sum of all the K-types V)
with A in the set

5.1 AN nAN AT N NATTH N (AT N 0 AT,
3 3 2 2 1 1

If Ry(s,+) is nonempty, then it forms an irreducible constituent in $%#(X°°). We
shall frequently abuse notation and identify R, ) with the subset of A} given in
eq. (5.1). We shall do the same for all other irreducible constituents defined later.
The module diagram of S*#(X°°) is a “incomplete inverted triangle” with i + 2
rows (i.e. the lowest n — i — 1 rows in the complete triangle has been removed).
For example, the module diagram for S~%°~% (X°°) in the case when n = 5 and
m = 2 is given in Fig. 1. Here a blacken circle represents a unitary constituent.

For S~%:7%(X°°) and S~"9(X°°), the constituents at the lowest row of the
diagram are

Ra(m,O)a Ra(m—l,l)a Ra(m—2,2)a SRS Ra(O,m)'

By Theorem 9.18 of [L], each of these constituents is an irreducible unitary sub-
module of S~% 7% (X°°) or S~™0(X°°).

Proposition 5.1. If p+q=m and m is an integer such that 1 <m <n—1, then

I(m —n;0), if m is even,

P,q\ _
M) = Ragpg) { I(m—mn;—m), if m is odd.

Hence QP? is irreducible and unitary.
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Proof. We first assume that m is even. By Proposition 2.1 and Corollary 3.6, the
K-types in Q' are exactly those of the form p* @ p* and

]%171 + (01, ey @, 0,00, 0, =Ygy ooy =71)

where a1 > ap > - > > 0and y; > 72 > -+ > 74 > 0. On the other hand the

m

K-types in Ry q) C S™% 7% (X%) are of the form p* ® p* where X satisfies

(i) Ajza+j, 1<j<p,

(i) =(B+n—j) <A <a+j-1, ptl<j<n—g,

(ii) A\j <—(B+n—-j)—1, n—g+1<j<n,
where a = = —. Since A\ > Xy > - > \,, (i)-(iii) are equivalent to

(i) Aj>a+p, 1<j<p.

(i) =(B+q) <N <a+p, p+1<j<n—g,
(i) A < —(3+4), n—q+1<j<n.
Observe since a = 8 = —254 a+p = —(B+q) = E5L. Thus (i)-(iii)’ are equivalent
to (5.2). Hence Qg7 and Ry, 4) have the same collection of K-types.

Next we assume that m is odd. In this case the K-types in QY% are exactly
those of the form p*~%1n @ p* ~%1» where X satisfies the condition (5.2). If we
let p=XA—31,, then P EFL @ pN T F I = ph @ pt ~™L and

(5.2) A=

H=—q + (ala “eey Opy 07 ey 0-— Va5 --+s _’71)

where oy > ag > -+ > ap > 0and 4 > 72 > -+ > 74 > 0. It can be
checked in a similar way that these are exactly the K-types which occur in Ry, q) €
S_m’O(XOO). O

We shall denote the unique irreducible quotient of Q'? by Q. Then by the
above proposition, if 1 < p+¢ <n — 1, then Q'? = Q2. In particular Q77 is
unitary.

Case 2. m > n. In this case, we have i < —1 where i = o« + 3+ n — 1. The
hyperplanes Eji (1 < j < mn)divide A} into the following subsets:

Bl = {MeAj:N<a+j-1},
B = {deAfia+j<N<—(B+n—j) -1}
B, = {MeAf:n>—(B+n—7)}

Again for 0 < s, < n with s +¢ < n, we let R, be the direct sum of all the
K-types V) with A in the set

(5.3) (B3n---nB)NBsTn---nBYy Hn(B .0 By,

If this set is nonempty, then R, ;) forms an irreducible constituent of SaB(X00)
We now assume that m = n, so we have

_ (—%, —%) if n is even,
(o, 0) _{ (—n,0) if nis odd.

Then S%#(X°°) is on the unitary axis (see Proposition 9.1 of [L]) and

Sa,ﬁ(Xoo) = @Ra(j,n—j)
=0
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is a decomposition of S%#(X°°) into a direct sum of n + 1 irreducible unitary
submodules. Hence the module diagram of S®#(X°°) consist of only one row of
n + 1 nodes with no edge.

If n is even, then by Proposition 2.1 and Corollary 3.6, the K-types of Q77 are

exactly those of the form p* ® p*» where

pP—q
A= Tln + (ala A2, ey Apy =Ygy ooey _’Yl)

andog > ag>--->ap>0andy > 72 > >, > 0. Nowfora:ﬂ:—%,we
have 254 = —(B+n—p) = a+(p+1)— 1. Hence p* ®p*" occurs in Q¢? if and only
if \p > —(B+n—p)and \py1 < a+(p+1)—1; that is A € Ry q) € S22 (X).
Consequently A\(20?) = Ry(p,q) € 57777 (X).

If n is odd, then the K-types of Q¢! are exactly those of the form P @p
where

A" —ml

A=—q+ (1,02, ..., Qp, =Ygy oy —71)-
Fora = —nand f =0, we have a4+ (p+1) — 1= —(8+n —p) = —q. Thus as
before, A > —(8+n—p) and A\py1 < a+(p+1) —1 which shows that A € R, 4 €
S=m9(X°°). Hence we obtain the following proposition.

Proposition 5.2. Assume that m =n. Let

_ [ (0,0) if n is even,
(s,v) = (0,—n) ifn is odd.

Then
)\(Q?q) = Ra(p,q) - I(S; U).

Hence Q7% is irreducible and unitary. Moreover,

) — P,
I(s;v) = @ )‘(QE )
ptg=n
It again follows that in this case Q7Y = Q! and that Q7 is unitary.
We remark that the fact Q¢ is unitary when p+¢ < n also follows from general
results on theta liftings for stable dual pairs ([Li]).

Corollary 5.3. Let 1 <m <n.

(i) If m is even, then every irreducible unitary submodule of I(m — n;0) is the
image of some QF'* where p +q =m.

(il) If m is odd, then every irreducible unitary submodule of I(m —n;—m) is the
image of some Q" where p +q =m.

Next we assume that m > n+1. Since in this case, we havei = —m+4+n—1 < -2,
the module diagram for S~% =% (X°°) or S~™(X°°) is a (upright) complete or
incomplete triangle. If m > 2n (so that ¢ < —(n + 1)), then the module diagram
for S=%2°7% (X°°) or ST™0(X) is a complete triangle with n + 1 rows (see Fig.
2). If n4+1<m<2n—1, then —n < i < —2 and the diagram for S~% =% (X°)
or S~™:0(X°°) consists of only the lowest |i| rows of the complete triangle.

If Ry(4,.d,) is an irreducible constituent in S~27% (X°) (resp. S~™0(X)),
we let M (dy, d2) be the submodule of S~%>~% (X°) (resp. S~™%(X°°)) generated
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Ra0,0)
Ra(1,0) Rao,1)
Ra(2,0) Ra1,1) Ra0,2)
Ra(n,O) Ra(nfl,l) Ra(l,nfl) Ra(O,n)
FIGURE 2

by Ra(d,,d)- Specifically,

M(dy,d2) = @ {Ra(s) : 5 > di,t > da}.
Note that the module diagram for M (d;,ds) is a “subtriangle” in the module dia-
gram for S~ % (X°°) (resp. ST™0(X°) (see Fig. 3).
Proposition 5.4. Let m be integer such that m > n+1 and let p+q = m.
(i) We have

/\(Q?q) = M(dl, dz),

and

QY = Ra(dy d»)»

where di = max{0,n — q} and dy = max{0,n — p}.

(ii) If n+1 <m < 2n, then QP is unitary if and only if p < n and ¢ < n or
pq = 0.

(iti) If m > 2n+1, then Q7% is unitary if and only if pg = 0.

Proof. We shall only prove the case when m is even. We first consider (i). Assume

that n +1 < m < 2n. In this case we observe that a K-type p’\ ® p’\* occurs in
Q¢? if and only if A is of the form

%171 + (O[l — Tny e Op — Yn—p+1) ~Vn—ps -+ _71)7

if0<p<m-—n,
N P, + (@1, ooy Qe gy Qg1 = Vg s Op — Yrept 1,
—Yn—ps s =) ifm-n+1<p<n-1,

p_;qln + (0[1, vy An—q, On—g+1 — Vqy -y On — Pyl)u
ifn<p<m,

App1 < 554, if0<p<m-—n,

— Mg > BLand \py1 <52 ifm—n+1<p<n-—1,
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M(d1,d2)

t::dQ S::dl
n+1<m<2n—1

FIGURE 3
Consequently,
Byt = Disnp Rast) if0<p<m-—n,
AQE) = BBy N =@ sy Ro(sp), ifm—-—n+1<p<n-1,

s>n—q

By = Dsn g Rast)s ifn<p<m.

M(0,n — p), if0<p<m-—n,

= Mn—-—qgn—p), fm-n+1<p<n-—1,
M(n —q,0), ifn<p<m.

The proof for the case m > 2n is similar.
Next we prove (ii). Assume that m is even and n + 1 < m < 2n. We recall
that by Theorem 9.18 of [L], an irreducible constituent R4 of S7%: 7% (X°)
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s=n—q t=n—p

t=n—p
QL) @)
0<p<m-—n m—-n+1<p<n-1
s=n—q
Q)
n<p<m
FIGURE 4

is unitary if and only if it is on the “highest level” or the “lowest level” of the
module diagram; i.e., when s +t = 2n —m or s +t = n. If pg = 0, then QP?
corresponds to either R, 0y or Ry(0,n), hence is unitary. If m —n < p < n, then
QY = Ru(n_qn—p) is unitary since (n —¢q) + (n —p) = 2n —m. It is easy to see
these are all the Q{'? which are unitary.

The proof for (iii) is similar. |

We shall identify the images of Qg’q in the module diagram of S~%>~% (X°°) or
S=m0(X°°). The diagrams for the cases n +1 < m < 2n — 1 are given in Fig. 4.
In the case m > 2n, the module diagram for S~ 2 ~% (X°°) or S~"™%(X?°) is a full
triangle and the images of Q% are given in Fig. 5.

We shall now summarize the module structure of Q¢"? in the following theorem.
Recall that if M is a module for a group or algebra, then the socle of M is the sum
of all irreducible submodules of M, and is written Soc(M) (see [GW]). The socle
series of M is the ascending chain

Soc’(M) C Soc* (M) C Soc*(M) C - - -
of submodules of M defined inductively by setting Soc’(M) = 0 and
Soc" (M) / Soc” (M) = Soc(M/ Soc” (M))

for any nonnegative integer r.

Theorem 5.5. Let m be a positive integer and p + g = m.
(a) If 1 < m < n, then Qg’q 1s irreducible and unitary. In this case we have
Q9" = QP so that QY is also unitary.
(b) If m>n+1, then Q7 and QY has the following structure.
(i) If we denote the preimage of a constituent Ry(sy) in )\(Qg’q) also by
Ra(s,t); then

QT = {Rasny: s+t<n, s>di, t>ds},
where di = max{0,n — q} and dy = max{0,n — p}.
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t=n—p
A(Q2) QP T)=5""3 "% (X°°)
0<p<m-—n m—-n+1<p<n-1
s=n—q
Q2
n<p<m
FIGURE 5

(i) The module diagram of Q' is a (upright) triangle with (n —dy —dz +1)
rows. Consequently the socle series of Qg’q is given by

Soc (29) =Y {Ry(suy: n—j+1<s+t<n, s>di, t>dy}

for1<j<n-—dy —ds andSocj(Q?q) = Q04 forj >n—di —dz + 1.
Hence Qg’q has a socle length n — dy; — dg + 1.
(iii) For0<i<mn—dy —de and 0 < j <n—dy —ds — i, set

J
Miuj = Socl(Q§7q) @ Z Ra(n—dz—i—k,dz-‘rk‘)'

k=0
Then
0 C MooC Mo1C--+C Mon—dy—ds
C MioCM1C--CMind—dy—1
-
C My—dgy—dy0 =07

is a composition series for Q7.

(iv) Q¢? is isomorphic to Ry(a, dy)- It is unitary if and only if either n +1 <
m < 2n and p,q < n, or pqg = 0. It is finite dimensional if and only if
p>n and g >mn, and in this case, Q" = Ry0,0)-
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Raay,dg)
Rea(dy+1,ds) Ra(dy,dg+1)
Reo(dy+2,ds) Ra(dy+1,dy+1) Ra(dy,do+2)
Ra(n—dy.do) Ra(n—dy—1,d9+1) ) ’ ’ Ra(ay+1,n—ay-1) Ra(ay m—dy)
FIGURE 6

The positions of the constituents in the module diagram for Q'? in the case
m > n+ 1 is given in Fig. 6.
We now consider the modules Q¢?(1) for [ # 0 and p + ¢ = n.

Proposition 5.6. Let ! be a nonzero integer and let m = n. Then

(i, =1) if n is even
p.q _ ’ ’
Amgﬂﬁ—iﬁmmc{qu_n_n if n is odd.

Hence as a U(n,n) module, 0(1) is irreducible and unitary.

Proof. We shall only prove the case when n is even and [ > 0 as the proofs for the
other cases are similar. By Theorem 4.1, there is an embedding A : Qé”q(l) —

I(l;—1) = S*P(X°°) where « = —(% +1) and 3 = —%. Now by Proposition 2.2

and Corollary 3.6, the K-types in Q£(1) are of the form p* ® p*" ~'*» where

= ]%171 + (0[1, ey Opy =Ygy oeey _71)7

anday > - >ap >0andy; > -+ > 74 > I. Observe that 2552 = —(3+n—p) and
P24 — | =a+(p+1) — 1. Hence the condition on X is equivalent to the conditions
P—q_

)\p 2 2 - (ﬁ+n_p)7

Apy1 < l%—l:a—k(p—kl)—l.

Note that these are the conditions which define the constituent R, ) in the space
~2-L=%(X9°). This shows that A(Qg(1)) and Ry, 4) have the same collection
of K-types. Consequently A(Q27(1)) = Rup.q)- O

Remark 5.7. By using results from [Li], one can show in general that Qg(7) is an

irreducible and unitary module of U(n,n) if p + ¢ < n (see also Proposition 3.1 of
[KR2]).
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We have seen in Theorem 5.5 that the structure of Qg’q is determined by the
representation I(m — n;0) or I(m — n;—m). Howe and Kudla have raised the
following question: To what extent is the structure of I(m —n;0) and I(m —mn; —m)
determined by the images of the various Qg’q for p + ¢ = m? This question now
has a neat answer.

Proposition 5.8. Let m be an integer such that m > n + 1. For s,t > 0 with
s+t <n, we consider the constituent R, ) in I(m —n;0) = ST (X) ifm
is even and in I(m —n; —m) =2 S™™9(X ) if m is odd.
(i) For s+t=mn, we have
Ra(s7t) — )\(Qm—n+s,n—s) ) )\(Qn—t,m—n—i-t).
(i) For s+t <mn, Ry(sy) is isomorphic to the quotient of
/\(Qm—n+s,n—s) N )\(Qn—t,m—n+t)

by
[/\(Qm—n-l-s-i-l,n—s—l) N )\(Qn—tﬂn—n—i-t)] 4 [)\(Qm—n-i—sm—s) N )\(Qn—t—l,m—n-i-t-l-l)]'
Proof. We shall only prove part (ii) in the case when m is even. Recall for 0 <
s,t <nand s+t > 2n—m, M(s,t) is a submodule of S™%:7% (X°) and Ry(s )

is the constituent in S~%~% (X°°) which occupies the tip of its module diagram.
In fact,

Ragsp) = M(s,t)/[M(s+1,t) + M(s,t +1)].

On the other hand, one observes that
M(s,t) = M(s,0) N M(0,¢).

Hence by Proposition 5.4,

M (s,t) = A(Qm—nhsn=s)ynq \(Qr-hmontty,
Consequently, R, is isomorphic to the quotient of

A(QmTnEsnTs) A \(QrTtm e
by
[A(Qmortstlnms=ly A \(Qrobment)] L \(Qmo sy \(Qro it hmendtly
|

6. GELFAND-KIRILLOV DIMENSIONS OF IRREDUCIBLE CONSTITUENTS

Recall that each irreducible constituent R, of SB(X°°) corresponds to a
subquotient of S*#(X°°) 2 I(s; ). We shall abuse notation and denote this sub-
quotient also by R, ). The purpose of this section is to determine the Gelfand-
Kirillov dimension of the subquotient R4 )-

We first recall the definition of Gelfand-Kirillov dimension for a finitely generated
$(g) module W, where g is a Lie algebra over C and $(g) is the enveloping algebra
of g (see [V]). Choose a finite dimensional subspace Wy so that W = 4(g)Wy. For
each positive integer k, let 4U(g)x be the subspace of 4(g) spanned by products of at
most k elements in g. We set dy,w, (k) = dim 4 (g)Wo. Then there is a polynomial
¢ of degree at most dimg such that dw,w,(k) = ¢(k) for large k. Moreover the
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leading term which we write as ¢ Dci(nI;VV%/)! EPimW g independent of the choice of W.
DimW is called the Gelfand-Kirillov dimension of .

Recall that G = U(n,n) and K = U(n) x U(n), and let g = u(n,n)c. Let V
be one of the subquotient R, ) of S4B (X°°). Then V admits the K-isotypic

decomposition
Vig~> W,
AER

where R is the subset of A} given in (5.1) and (5.3). Now for each A = (A1, ..., \,) €

AL, we let A = [A|+ -+ |\n]. Let Ao be such that |\g| is minimum among all
A€ R. Let
Vo= Y. W
AER,|AI=| Ao
and

Vi = > 2%
AER,|A|=|No|+k
for a positive integer k. Now u(n,n) admits a Cartan decomposition u(n,n) =
€ @ p, where t is the Lie algebra of K, and p = {((ao)t 8) ta € g[n((C)}. From the

transition formulas (Propositions 5.7 and 5.15 of [L]), we see that
p(VO):‘/lv and p(‘/j):‘/j—laa‘/j-Fla (.]> 1)

It follows from this that Ux(g)Vo = >°;-4 Vj. Therefore if dim Vj is a polynomial
in k of degree d — 1, then the Gelfand-Kirillov dimension of V is equal to d.
We now discuss some general properties of generating functions.

Lemma 6.1. Let ¢ be a polynomial of degree d, then

F
S (k= %

£>0
where F is a polynomial with F(1) # 0.
Proof. If we write ¢(z) = ap+a1(z+ 1)+ ...+ aqg(z+1) - (x +d), where ag # 0,
then the lemma follows from the identity

d!

O
Note that in fact, F(1) = a4 - d. In particular, F(1) is positive for ¢(k) = k<.

Lemma 6.2. Let ¢(aq, ..., o) be a polynomial of total degree d. Write ¢ = ¢p+¢/,
where ¢p, is homogeneous of total degree d and ¢’ is of total degree less than or equal
to d — 1. Suppose that the coefficients of ¢n are non-negative. Then for any given
positive integers ci, ..., cp, we have

P(t)
¢ aq, ..., o tc1a1+...+cpo¢p — )
m;;m (1. 7) (1 — DrQ(1)

where P and @ are polynomials with P(1) >0, Q(1) > 0.
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Proof. Note that

(6.1) Do aftaptpe g = T30 o).

ar,nap>0 1<I<p 0120

By Lemma 6.1, for each 1 <[ < p, we have

F[(icl)
E ke !
(e ltll L= —(

__ 4G \k;+1?
QZZO tl )

where Fj is a polynomial with F;(1) > 0. Hence if we put t; = ... = t, = ¢, then
the expression in (6.1) is equal to

Z ool peroatcpan B)- -Fp(tcp)
1 P - (1 _tc1)(7€1+1) (1 _th)(kP"Fl)’

at,...,ap >0

where Fj(1) is positive, for 1 <1 < p. The lemma clearly follows from this. O

Lemma 6.3. Under the hypothesis of Lemma 6.2,

w(k) = Z ¢(a17"'7a1))

at,...,ap>0
crai+...Fcpop=Fk

is a polynomial in k of degree d +p — 1.

Proof. First note that the sum defining ¢ (k) is a finite sum, so ¥ (k) is a polynomial
in k. Let e be its degree. We know by Lemma 6.1 that

F
S w(k)h = %

k>0

where F' is a polynomial with F'(1) # 0. On the other hand, by Lemma 6.2, we
have

en P(t
Dokt = Y dla, )t T = %

k>0 at,...,ap>0

where P and @ are polynomials with P(1) > 0, Q(1) > 0. By comparing the order
of the pole at t = 1, we obtain e + 1 = d + p. O

We are now ready to compute the Gelfand-Kirillov dimensions of R s ¢)-
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Theorem 6.4. The Gelfand-Kirillov dimension of Rqs ) is equal to (s 4 t)(2n —
s—1).
Proof. We shall only examine the case when a + 34+ n — 1 < 0. The case when
a+B+n—1>0is similar. We know that V) C R, if and only if

)\1 Z 2)\5 ZO&‘FS,

o+ s Z /\s+1 Z Z /\n—t Z —(6+t),

—(B+1t) > At > o > A
We make the following change of variables:
pi =X — A1, 1<j<s—1,
ps = As — (@ + ),
pi=2x;, s+1<j<n-—t,
Wi = Aop—j—t — Aop—j—t+1, n—t+1<j<n-—1,
o = —(B41) = A1,
We shall now write V(1) for Vy. Observe that A € R, ) and |[A\| = k imply that
Hls ooy toss 415 ooy ot 2> 0,
O+ 8> fisp1 > o > pn—t > —(B+ 1),
E—ko < pr+42p2 4+ .o 4 Spts + fn—t41 + 2n—tq2 + ... +tn <k + ko,
for some fixed integer ky. Conversely,
W1y oeey Py b1y oees phg > 0,
a4+ 8> fisr1 > o > pin—t > —(B+ 1),
p1+ 2p2 + o+ Sps + pn—t 41 + 2Un—tr2 + oo+l =k
will imply that A € Ry(s4) and k — k1 < [A[ < k + ky for some fixed integer k.
Therefore when k is sufficiently large,

Z dim Vy,

)\ERa(Syt)
A=k

will have the same degree as

E dim V ()
1y s, Bl seees ot 20
Q8> fls412.. 2 in—t 2 —(B+1)
p1t.Aspstpn 14 Ftpun==k

as a polynomial in k.
By the Weyl dimension formula, we have

. . (N = A+ —9)?
dim V) = (dim p*)? = — .
( ) 1 (4 —)?
In the new variables, we see that dim V' (i) is a polynomial in fi1, ..., fs, fln—t41, .-
1y of total degree
2(n—1)+..4m—98)+ t+...+t +(E+1)+ ...+ 1]
————

n—s—t times

=(s+t)2n—(s+1t)—1].

1<i<j<n
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Moreover the relationship between A and p (A — A3 = u1 + pe, ete.) implies that
the condition on the coefficients of the homogeneous part of dim V() specified in
Lemma 6.2 is satisfied. Therefore by Lemma 6.3, we see that

Z dim V()

H1seeos s, B1 -, 0t 20
Q+S>pst1 Z~~~Zﬂnft2_(ﬁ+t)
p1t . dspstpn i1+ Htun==k

is a polynomial in k of degree

(s+t)2n—(s+t) =1+ (s+t)—1=(s+t)2n— (s+t)] — 1L

Z dim V),

)\GRQ(SJ)
A=k

Thus

is a polynomial in k of the same degree. It follows from this and the discus-
sion before Lemma 6.1 that the Gelfand-Kirillov dimension of R, ) is equal to
(s+t)[2n— (s+1)]. |

We recall that all the constituents R, ;) in SB(X°°) with s + t fixed are on
the same “level” of the module diagram of S*#(X°). Now by Theorem 6.4, we
see that the Gelfand-Kirillov dimension of R, is a function of s +¢. Hence all
the constituents occupying the same level in the module diagram have the same
Gelfand-Kirillov dimension. Here we consider an example. Assume that o + 8 +
n—1< —(n+1). Then the module diagram of S*?(X°°) is a (complete) upright
triangle with n + 1 rows (see Fig. 5 or Fig. 11 of [L]). The top row consists
of only the constituent R,y which has Gelfand-Kirillov dimension 0; that is,
Rq(0,0 is finite dimensional. The next row consists of the constituents R, 1,0y and
Rg0,1)- Each of them has Gelfand-Kirillov dimension 2n — 1. The Gelfand-Kirillov
dimensions of the constituents increase when we move from one level of the module
diagram to the next lower level. The lowest level consists of the constituents R, o),
Ro(n—1,1)s-»Ra(o,n)- They have the largest possible Gelfand-Kirillov dimension
among the R, (s ’s, which is n?.
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